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In this paper, we explore the relative motion between two satellites on Keplerian orbits. We assume that the orbital
elements defining the Keplerian ellipses for the two satellites are similar, so that we may neglect differences in these
elements to second order. Analytic solutions for the relative motion are presented that conserve relevant quantities
related to the Keplerian motions, and we discuss in detail the choice of initial conditions to improve the order of the
approximations involved. Finally, we present results that compare our analytic results with differences of Keplerian
orbits to determine the accuracy of the approximation, which is shown to be much greater than anticipated. An
advantage of the approach presented over previous work in this area is that the relative motion is described in an
inertial frame and not a rotating frame. This enables the effects of perturbations on the relative motion to be

incorporated in a straightforward manner.

I. Introduction

HE analysis and modeling of the relative motion between two

satellites is of immediate interest to allow the design and
development of multiple satellite missions, such as satellite
constellations and formations. Although the former is a more mature
technology, close proximity precision formation flying has yet to be
proven in space. Nevertheless, illustrating massive interest in this
area, Xiang and Jgrgensen [1] very recently published a survey of
planned and existing formation flying missions, listing as many as 15
missions from the year 2000 to the year 2015 and beyond. The NASA
EO-1 [2,3] remote sensing mission and the GRACE [4] mission
mapping Earth’s gravity field are two recent examples of the simple
leader—follower type of large (several hundred kilometers)
separation formations already in orbit.

On the other hand, there are proposed missions using
interferometry, such as the Centre National dEtudes Spatiales
(CNES) Interferometric Cartwheel [5] and the NASA and ESA joint-
venture laser interferometer space antenna (LISA) technology
demonstrator, LISA Pathfinder [6] (also known as SMART-2). In
interferometry missions, the satellites are in a tightly controlled
formation, with the very accurately maintained separation becoming
the effective antenna size. It follows that, to meet the navigational
accuracy demands of such missions, high-precision relative motion
models are called for.

Perhaps the most well-known relative motion model is Hill’s
equations [7], adapted to the problem of relative satellite navigation
by Clohessy and Wiltshire [8] in the 1960s, which essentially
involved linearizing the Keplerian relative dynamics around a
circular reference orbit. However, six years before Clohessy and
Wiltshire, Lawden [9] (cf. [10]) derived the basic equations of
relative motion for the more general case of eccentric orbits.
Tschauner and Hempel [11] independently formulated similar
solutions to Lawden’s around the same time. The approach is, in fact,
a generalization of the Clohessy—Wiltshire equations, solving the
same problem, but linearizing around an eccentric orbit rather than a
circular one. Although they still use Hill’s frame, they employ true
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anomaly as the independent variable. Until recently, these solutions
remained the only ones available to describe the relative motion in
eccentric orbits.

There has been renewed interest in relative motion modeling
within the last decade, because formation flying missions are
becoming a reality. Broucke [10] solved the linearized relative
motion equations using time as the independent variable,
formulating the problem differently and deriving a time-explicit
state transition matrix via partial derivatives of the reference orbit
coordinates with respect to its orbital elements. Melton [12]
attempted to provide time-explicit solutions for the relative motion.
His method is similar to the Hill’s equations approach but, rather than
assuming a perfectly circular reference orbit, he includes e and e?
expansion terms in the relative acceleration. He presents his end
result in the form of a state transition matrix, albeit a rather
complicated one.

Other researchers have included the effects of the linearized J,
Earth oblateness term to the relative motion [13-16], as well as
higher-order geopotential terms [17-20] and nonlinearity effects
[21,22].

There are a few common threads that can be identified within the
existing literature in the relative motion field. The firstis that virtually
all of the methods use a rotating and accelerating local coordinate
frame. This approach makes analysis and visualization of the motion
rather straightforward. However, the perturbations to the Keplerian
potential are usually defined in the Earth-centered inertial (ECI) or,
sometimes, in the rotating Earth-centered—Earth-fixed (ECEF)
coordinate frames. This is one of the primary reasons why the
addition of the simple J, perturbation term greatly complicates the
equations. Therefore, the modeling of the motion is actually
hampered by the employment of this accelerating rotating frame.

Perhaps more important, these methods do not explicitly address
the issue of constants of the motion. For the motion of a satellite
under a Keplerian potential, the energy and the angular momentum
are both conserved. The same is true for the case of the two satellites:
the relative energy and the relative angular momentum should also be
conserved. If these quantities are not conserved, the relative orbits
will get distorted over time. For example, any deviation from the
relative energy will manifest itself as an along-track drift. In fact, a
significant part of the relative positioning errors observed in the
literature are down to the errors in relative energy, because the forces
are integrated in a way that does conserve some constants, though
they do not correspond to the real constants of the motion. Therefore,
imposing these conservation laws should increase the accuracy and
duration of the validity of the relative orbit propagator.

In this paper, we present a novel approach to modeling the relative
motion of two satellites on neighboring elliptic orbits. We define a
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relative angular momentum as well as a relative Hamiltonian and
linearize these quantities. We then use the well-known Hamilton’s
equations to derive the equations of relative motion. Integrating
analytically, the resulting expressions for relative position and
velocity conserve the relative angular momentum as well as the
relative energy. The derivation is carried out and the results are
presented in the nonrotating perifocal frame to facilitate the
incorporation of the perturbation terms within future work. Note that
although the Keplerian force model may seem limiting, we have
already extended this method to a high-precision numerical relative
orbit propagator that can accommodate a complex geopotential
model as well as other perturbations. This will be presented in a
future publication.

The next section describes how the relative Hamiltonian and
relative angular momentum are defined, as well as the derivation of
the equations of motion and conservation of the constants of the
motion. Section III describes how the equations of motion are
integrated analytically to get relative position and velocity solutions.
The following section details how the initial conditions can be
chosen to improve the accuracy. Finally, we present the results of the
proposed method.

II. Hamiltonian Description of Relative Motion

In this section, we shall consider the relative motion between two
satellites moving in a Keplerian potential. Our approach is based on
the Hamiltonian description of the motion, and our discussions
focuses upon the conserved quantities of the motion. We start by
considering a satellite at position » moving with velocity v in a
Keplerian potential. The Hamiltonian for this satellite is given by

L
H—2(v v) . (D

where  is the gravitational parameter defining the potential, and r is
the magnitude of the position vector r. The position and velocity of
this satellite define coordinates in a six-dimensional phase space, and
Hamilton’s equations define the motion of the satellite through this
phase space at all later times. Now suppose that instead of a single
satellite, there are two satellites in close proximity to each other in
this phase space. We can define the position and velocity of these two
satellites as r £ %Sr and v £ %Sv. This description locates the
midpoint in phase space as defined by r and v and the deviation from
this midpoint for each of the two satellites. Consider the first-order
Hamiltonian that describes the motion of the satellite for which the
small increments in phase space coordinates are added to the
midpoint coordinates:

1 1 1r-$6
Hl=E(v'v)+5(v-8v)—%|:1—Err_rr] 2)

The first-order Hamiltonian for the second satellite (H,) can be found
from the preceding by reversing the signs of ér and §v. According to
the theory of Hamiltonian systems, both of these quantities are
conserved by the motion. We would, therefore, like to find a
description of the relative motion that also conserves these quantities
and exploits the fact that the separations in phase space are small. If
we add these two Hamiltonians together, we obtain

1
H1+H2:2(§v~v—ﬁ):2H 3)
r

where H is the Hamiltonian associated with the motion of the
midpoint through phase space. The relative energy is defined as the
difference between these two energies:

I
HR=H,—H2=v-8v+F(r-8r) (€))]
The important point to note in this expression is that by our choice of

describing the motion in terms of the phase space midpoint, the
second-order terms in H; would have cancelled even if they were

computed in H; and H,. Hence, the relative energy is accurate to
third order.

We can think of the relative motion of the two satellites as a motion
in a 12-dimensional phase space defined by the position and velocity
of the midpoint and the separation positions and velocities. In this
context, we may generalize the set of Hamilton’s equations to obtain
the following set in 12 dimensions:

. OHg . 3Hy
= VT e )
. OH, . OHg

8"—W SU——W (6)

These equations resemble the Hamilton’s equations in six
dimensions, but there is a cross-coupling between the relative
motion and absolute motion of the midpoint.

Consider the equations of motion of the midpoint, which reduce to

F+%r=0 %

which is just Keplerian motion. The solution of this equation can be
described in terms of two constant vectors: the angular momentum
vector L and the eccentricity vector e. The solution satisfies the
equation of an ellipse:

r+e-r=p 8)

where p is the parameter that is dependent upon the magnitude of L.
If we now consider the relative motion associated with these
equations, then we can easily show that Hj is a conserved quantity:

dHp OHg . OHy . OHy .. OHp ..
@ o Tt Ve Y ts 00 O

A second quantity that is conserved in a Keplerian orbit is the orbital
angular momentum L. Consider the angular momentum associated
with the first satellite:
L, =(r+1%r) x(v+1v) (10
Expanding this to first order gives
L, =L+ (rxbv)—3vxdr) (11)
Again, the angular momentum of the second satellite is found by
reversing the sign of the terms in the phase space separation. As with
the energy, we can consider the sum of these terms as
L,+L,=2L 12)
which is just the angular momentum of the Keplerian motion
associated with the midpoint location. The relative angular
momentum is then

Lr=L,—L,=rx68v—vXxér (13)

We can show that this quantity is also conserved by our equations of
motion. Taking the time derivative and using Eq. (4), we have

i(rx&v):vx&)—ﬁq(rxér) (14)
dt r
Similarly,
d M
d—(vxér)=—7(rx8r)+v><8v (15)
t r

Hence, substituting into Eq. (13) shows that L is also a conserved
quantity.



PALMER AND IMRE 523

ITII. Description of the Relative Motion

In the preceding section, we derived a set of differential equations
that describe the motion of a pair of satellites in terms of the motion of
the midpoint and the evolution of the separation. The motion of the
midpoint satisfies the equations for Keplerian motion and, hence, can
be described analytically. The equations for the separation now need
to be solved for. We have, however, demonstrated that these
solutions conserve a relative energy and a relative angular
momentum. These conservation laws are to be expected following
conservation of energy and angular momentum of the individual
satellite orbits.

We shall consider the solution of the relative equations, and first
we need to decide which coordinate frame to use. Because the
midpoint moves on a Keplerian orbit, it makes sense to use one
coordinate axis (z axis) along the angular momentum vector L of this
orbit. Another direction (x axis) points along the eccentricity vector e
of this orbit. The third axis is then chosen to complete the right-
handed set. The equations of relative motion are

oF = v o = 8r + — (r sryr (16)
If we now take the dot product of these equations with the unit vector
along the z axis, then because r lies on the plane z = 0, we have

82—0—%&:0 17)

where 8z = ér - k. If the angle between r and e is 6, then we can
replace time as the independent variable by 6. This equation becomes

(a (18)

By changing variable to R(#) such that R = 6z/r, this equation
simplifies to

2
%+R 0 (19)

which provides the solution

82

r

=Ccosf+ Dsinf 20)

where parameters C and D are simply integration constants. Hence,
the motion of the satellites around the orbit plane of the midpoint is a
simple oscillation, which is the same solution as that obtained from
Hill’s equations for the limit of zero eccentricity.

Now consider the other components of ér. We note that in the
coordinates we are using, both r and v have no z component. We can
then expand Eq. (4) as

= x8x + y8y + (u/r?)(x8x + y8y) (21)

Similarly, the expression for the relative angular momentum can be
written as

Li = (x8y — §yx) + (8xy — yéx) (22)

Because both of these quantities are conserved, we have the first
integrals of the relative motion equations and only need to solve these
coupled first-order equations for x and §y. Once again, we express
the components of the midpoint position and velocity in terms of its
true anomaly 6 and use this as the independent variable. These
equations then reduce to the following forms:

—sm@ —|—( +cos@)—+(8xcos9+8ysm0)

3
p HR 1

= 23
L? (1 + ecosf)? 23)

and

dsy
—(1 +ecos@)sm0 dox + (1 +ecos¢9)c059—9
PLy

+ (e + cos 0)x + sin B8y = 7

(24)

We need to disentangle these equations to remove dx and its
derivative. It is convenient to introduce w = cos 6 as an independent
variable and to introduce new unknowns: P = §x/r and Q = 8y/r.
These equations can then be rewritten in the following forms:

Le _ [(1 N wP:| -1 —wz[w@— Q] 25)
L dw dw
and
PZHR
L2

—e(l—wz)P—evl—wz[g—wQ}

dw

—\/l—wz(l—}—ew—}—ez)[w%—Q] (26)

=+ ew)|:(1 - wz)%—‘r wP]

We can now substitute the first bracket in Eq. (25) into Eq. (26) and
solve for P:

(1—w)P= i [(1 +ew)Ly — szR]

S

-vi—w

1+ ew)%— (e + w)Q] 27

We can also rewrite Eq. (25) in the following form:

dgQ

I — w2l —
(1—w? q L-‘r— 1 w|:wdw Q](28)

w1 — w?
To complete the elimination, we divide Eq. (27) by (1 — w?)3/? and

differentiate. Substituting the result into Eq. (28) then leaves us with
a differential equation for Q(6):

do 3w |:LR p*Hp 1 :|

d'P]LR

(- )—+2 __2Q JI—ullel el?> 1+ ew
(29)

The solution of this differential equation is straightforward, if
lengthy, but the general solution is

L
Q=A(1—|—w2)+Bw——£w 1 —w?

p*H, 1 [e(Z +e%) + w(l +26?) \/7

+ el> 1—¢? 1—¢é?
3eE

— m (e +w)(1 + ew):| (30)
where E is the eccentric anomaly of the midpoint orbit, and A and B
are integration constants that can be found from the initial conditions.
Some comment needs to be made on how the eccentric anomaly
enters this equation; it appears through the evaluation of the
following integral:

T—E

Sise b
—e

w
/m(l —l—ew)_

Having found the solution for O, we can substitute this result into
Eq. (27) to find P. The result needs to be manipulated to remove
apparent singularities that cancel when terms are grouped
appropriately, leaving the result
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P= 1—wz[(e—w)A—B]—}—ﬂ[Z—kw(e—w)]
eL

2 2,2
p*Hy 1 5 31 —ew?)
el? 1—e2|:(1+ew+w) 1—e?
3eE Vi wt
+m I —w*(1+ ew) (32)

The emergence of the eccentric anomaly in these solutions requires
us to solve Kepler’s problem to find the relative positions at a given
time. We note, however, that the components of velocity of the
midpoint have the following form:

L
v, =——sinf (33)
p
and
L
v, =— (e + cosb) (34)
4

This shows that the factors multiplying the eccentric anomaly in
Eqgs. (30) and (31) are the components of the midpoint velocity. If we
further use the Kepler relation

p sinE

sinf = ?—(1 — 62)1/2

(35)

we can replace the eccentric anomaly in the preceding with the mean
anomaly M. Our results then simplify to
. . Lgr
éx =Arsinf(e —cos0) — Brsin 6 + _L[2 + cos 6(e — cos 6)]
e

a’Hy
el?

+ (1—-e*)P

L
8y = Ar(1 + cos?6) + Brcos 6 — eiLrsin fcos b

a’Hy

+ eL?

(1-¢»)Q (36)

where
3a? 3
P:rcos@(e—l—cos@)—Zr—Te 1 —e*v .M 37
and
. 3a? 3
Q =rsm6’(2e+cos{9)—76«/1 —e‘v,M (38)
We can rearrange these expressions in a more convenient form:
3a? 3
P =2ex—r[2 + cos(e — cos 0)] — Te\/ 1—e*v,M (39
and
. 3a? 5
Q =2ey+rsm9c:059—Te 1 —e*v,M (40)

We can then simplify our expressions for the relative position of the
satellites to

8r=8r,,—ﬂ(r——vt) 41)

where ér,, = 8x,i + 8yj is the periodic variation of the separation
given by

. 1 Hg .
dx, = (eA—B)y—AxsmH—i—e—L(LR +EL)(1) + ysin 6)

. 1 Hy .
8yp:2Ar+Bx—Aysm<9—Z LR+EL xsin 6 42)

This provides a very simple expression for the relative position of the
satellites. To complete our analysis, we now consider the relative
velocity between the satellites. Differentiating the preceding gives

Hy 3n
8v:8vp+ﬁ(v—7rt) (43)
and the periodic part of the velocity reduces to

L
8%, = (eA— B)v, — A(vx sin 0 + xcos 9)

1 Hy _ L
+Z Lg +ﬁl‘ v},51n9—|—ﬁyc039

. 1 H . L
8y, = (B —2eA)v, I (LR +ﬁL) (vx sm9—|—7xcos 9)

—A(vv sin9+£2ycos 9) (44)
’ r

This completes the solution for the relative motion.

We note that these solutions have still a singularity as e — 0,
which corresponds to Hill’s problem. We briefly show how these
equations reduce to the usual Hill’s equations in this limit. The reason
the singularity arises in the solutions is because if the midpoint moves
around a circular orbit, then Hy and Ly are related by

Hp =nLy (45)

where 7 is the angular rate of the motion of the midpoint. This means
that in this case, we no longer have two independent differential
equations. The preceding condition follows from the fact that for
circular orbits, HL? = —u? /2. Differentiating this result gives the
relationship 6H = ndL. The energy vs angular momentum plane has
a forbidden region in which no orbits are possible. The bounding
curve of this region is the set of circular orbits, and because the
energy and angular momenta of our two satellites must be
symmetrically placed about that of the midpoint, they must lie along
the tangent to this curve. This is described by the preceding relation.

So when the midpoint moves along a circular orbit, we cannot use
the angular momentum as independent information. From Eq. (20),
we see that the z motion satisfies the solution of Hill’s problem when
r is constant. The in-plane motion can be found from Eqs. () that, in
component form, reduce to

8% = —n?8x — 3n® cos H(8x cos O + Sy sin 0) (46)

8y = —n?8y — 3n? sin B(8x cos H + 8y sin 6) 47
If we use rotated coordinates
u = 6xcos + dysin 6 v = —6xsin6 + Sy cos (48)

then these equations can be written as the usual Hill equations

ii —2nv +3n*u=0 (49)

V4 2nu=0 (50)

which proves that the analytic solutions developed here reduce to the
more familiar Hill solutions for the circular case.
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Table 1 Formation initial conditions in Keplerian elements

a, km e 1, deg Q, deg w, deg 0, deg H L
Satl 15945.800 < 0.3500  60.00 40.03 20.00 73.00 —0.199994 1.481152
Sat2  15945.650 < 0.3501 60.03 40.03 19.95 73.05 —0.199996 1.481086
Diff —0.150 0.0001 0.030 0.030 —0.050 0.050 —1.881x10° —6.605x 107>

IV. Modeling Accuracy

A. Initial Conditions

In the preceding sections, we derived a solution for the relative
motion between two satellites following arbitrary elliptic orbits. We
now consider the 12 initial conditions: the position and velocity of
the reference and the relative position and velocity. For the relative
motion, we replace these initial conditions by the constant quantities
A, B, C, D, Hg, and L. We note, however, that if § = 0 or 7, then y
vanishes, and from Eq. (42), 8x,, becomes independent of both A and
B. This is along the line of nodes of the reference orbit. Along this
line, v, =0 also; hence, from Eq. (44), 6y, also becomes
independent of A and B. It is, therefore, more useful to determine A
and B from y,, and éx,. The constants C and D describing the cross-
track motion are easily determined from

3 .
. p°  sinf,
= f— - - 1
C = 6zop(e + cos ) — 82 L1+ ecost (51)
3
D = Sz siny + 82, 7 — 0 % (52)

L 14 ecosb,

The choice of the reference allows for some flexibility. Our
analysis suggests that we should average the two satellite positions
and velocities. This will induce a second-order error in the energy H
and a third-order error in the relative energy Hy. Equation (41),
however, has a secularly growing term that is dependent upon the
difference in orbital energy. To maintain the accuracy of our linear
approximations, we must minimize any errors in this secular term.
This suggests that we should fix Hj to be exactly equal to H; — H,.
Also, the fact that 1/H o a appears in this expression suggests that
we may find it better to set the semimajor axis of the reference orbit as
the average of the values of a for the two satellite orbits.

What difference does this choice of setting the midpoint orbit have
on our analysis? If we compute the average of the energies, then the
semimajor axis of the midpoint orbit is given by (a), where

1 1(1 1
=== 53
=) 9
If a = (a; + a,)/2, then one can easily show that
(a) = a—j(a) —ay)’ (54)

Hence, the difference in the choice is second order, and to the order of
accuracy of our analysis, both should be valid. This inclusion of
second order in the initial conditions changes how long our analytic
solution is valid and how large our formation can be.

We have considered a number of alternative ways to choose the
reference orbit and compared the accuracy of our analytic
approximation to the difference of the two Keplerian orbits. Four
cases have been considered: 1) averaging satellite positions and
velocities, 2) averaging orbital energies and angular momentum
vectors, 3) averaging the orbital elements of each satellite, and 4)
averaging the eccentricity and angular momentum vectors. A simple
formation scenario was used to compare these initialization methods.
Table 1 details the initial conditions used. We considered the
accuracy of the predicted relative position after five days,
corresponding to 21 orbital periods. The difference in eccentricity of
the two satellites was fixed at 0.001, although their eccentricities
were allowed to vary. The formation starts with an initial separation
of 8 to 9 km, depending upon the eccentricity. The 150-m semimajor

axis difference causes the satellites to drift apart, reaching about 40-
km separation by the end.

In Fig. 1, we see the relative position error as a function of the
eccentricity of the orbits. We see that all the methods perform well.
Averaging the position and velocity vectors (shown as posvel in the
figure) yield accuracies around a few meters. Continuation of the
propagation beyond five days, however, shows that this error grows
quadratically with time. The same quadratic growth in error is also
seen in averaging the eccentricity and angular momentum vectors
(shown as e, in the figure). The other two methods, namely,
averaging the energies and angular momentum vectors (shown as en;,
in the figure) and averaging the orbital elements (shown as elems in
the figure), clearly outperform these, reducing the error to between 1—
10% of the first two methods. The best method is averaging the
orbital element sets, for which an accuracy around 10 cm is achieved
after five days.

B. Correcting the Relative Hamiltonian and Angular Momentum

The second-order changes to the reference will change the
quantity in Eq. (4) that is conserved by the equations of motion. This
value will differ from H, — H,, which is the correct conserved
quantity. The error will become second order because of the second-
order changes made to r and v. This can be seen in Fig. 2, along with
the resulting error in relative position after five days. The initial
conditions for this experiment are given in Table 2, in which the two
satellites started at true anomalies of 301 and 302 deg, respectively.
We see from this figure that the relative position errors are directly

0.1

pos, el ——
elems ---x---
enp ---x---
ep |
0.01 % 4
- &,
£
x
T 0.001 E
5}
[
[=}
o
B 0.0001 | i

1e-005 |

0 0.05 0.1 0.15 02 0.25 03 0.35 0.4
eccentricity

Fig. 1 Peakrelative positioning error magnitude (in log scale) variation

with eccentricity (21.5 orbits).

1e-006

1.0e-008 1.0e-001

1.0e-009 1.0e-002

Hgerr

1.0e-010 1.0e-003

mag of rel pos err (km)

SV x” Hgermr ——
rel pos err ---x---
1.0e-011 L L L L L L L L L 1.0e-004
0 0.01 002 0.03 0.04 005 006 007 0.08 0.09 0.1
time (days)

Fig. 2 Peak relative positioning error magnitude and Hjy error
variation (in log scale) with eccentricity (65 orbits).
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Table 2 Formation initial conditions in Keplerian elements

a, km e 1, deg Q, deg w, deg 0, deg H L
Satl 7653.780 =< 0.0050  60.00 40.0 20.0 61.0 —0.416665 1.095432
Sat2  7653.700 < 0.0055 60.01 40.0 19.0 62.0 —0.416670 1.095423
Diff —0.080 0.0005 0.010 0.0 -1.0 1.0 —4.355x 107° —8.601 x 107¢
proportional to the error in Hy. What is not seen in this figure is that 8y = —8x; sinw + 8y, cosw (58)

this relative position error grows linearly with time. This means that
we can predict from the outset what the positional errors will be at any
future time, just based upon how accurately Hy matches the
difference in orbital energies of the two satellites.

As shown in this example, 15-cm relative positioning accuracy is
possible for a five-day propagation. To put the errors in perspective, it
should be emphasized that the initial separations vary from about
10 km for higher eccentricities to about 1 km for lower eccentricities,
and peak separations are about 65 km for high eccentricities and
50 km for low eccentricities.

To ensure a better match for H, we need to reconsider Eq. (4).
Because the relative position and velocity of the two satellites are
fixed, we need to adjust the position and velocity of the reference
point. The orbital parameters for the reference, however, were fixed
in the preceding section. We have freedom, however, to adjust the
true anomaly of the reference point along that orbit, and we can adjust
the argument of perigee w of the orbit.

First consider Hy and Ly, expressed in terms of the true anomaly
along the reference orbit:

Hp = E[— sin 86x + (e + cos 0)8y]
p

L3(1 cos 6)?
n (Jre4 )

[cos B5x + sin B3y] (55)
p
Lp=——P[sin 66 — cos 687]
(1 + ecosb)
L
+ Z[(e + cos B)8x + sin 6y] (56)
p

By adjusting the starting value of 6, we can bring these quantities
closer to the correct values.

For the argument of perigee, consider an inertial coordinate
system, such as the well-known Earth-centered inertial frame. If we
rewrite our perifocal coordinates in terms of this inertial frame, the
argument of perigee @ will appear explicitly in the equations and
therefore can be adjusted. For this, the éx and 8y terms in Egs. (55)
and (56) can be replaced by their inertial counterparts §x; and 8y;,
such that

8x = 6x; cosw + Sy, sinw (57)

The effect of these adjustments is shown in Fig. 3. Obviously, for
smaller eccentricities, the effect of w becomes very small and is
unable to match both H and L. In this case, we restrict ourselves to
correcting H only. If we fix the value of Hy, to the correct value, then
we need to solve a nonlinear equation for 6 and w, but in practice, a
linearized approximation will suffice, because the adjustments in
these angles will be small.

We tested the effectiveness of this correction term using the initial
conditions given in Table 2. Figure 4 illustrates Hy and relative
positional errors for both corrected (shown as corr) and uncorrected
cases. As expected, Hy, errors grow parallel to the relative positioning
errors. Hy error is significantly lower in the corrected case and this
results in relative positioning errors to be cut by about a factor of 3,
increasing to a factor of 20 to 40 for larger eccentricities. Therefore,
errors on the order of 30 to 60 m are cut to about 0.7 to 2.5 m, for a
five-day propagation. This illustrates the effectiveness of correcting
the phase of the reference orbit.

Similarly, Fig. 5 demonstrates the variation of the Ly error, for
which the relative angular momentum varies between —5.7 x 107°
for the smallest eccentricity to —1.7 x 1073 for the largest. As can be
seen, the corrected L yields vastly superior performance, practically
matching the relative angular momentum.

Figure 6 illustrates the angular correction required to modify the
Hpy and L values for this case, in which true anomaly correction is
shown as 6 corr and the argument of perigee correction is shown as @
corr. For larger eccentricities, small angular corrections are adequate,
because it is easier to manipulate the along-track and radial
coordinates of the reference satellite with a small change. However,
as the orbit becomes more circular, it takes progressively larger
angular changes to alter Hy and Ly sufficiently. Such a large angular
change in true anomaly was countered by a similar and opposite
direction change in argument of perigee, in agreement with the
discussion regarding Fig. 3.

We also considered the case when the difference in semimajor axis
was larger, as per Table 1. Here, we used true anomalies of the
satellites as 73 and 73.05 deg, respectively. Initial separations vary
between 1.7 km at large eccentricities to about 9.6 km at small
eccentricities. Because of the 150-m semimajor axis difference,
separations increase rapidly in time, with peak separations between
35 to 70 km. Figure 7 presents a comparison of the H error with and
without the correction terms applied (shown in the figure as Hy, err
corr and Hpy err, respectively). When compared with the energy

Fig. 3 True anomaly and argument of perigee correction for large and small eccentricity cases.
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difference of —1.8 x 1079, both corrected and uncorrected H values
are very accurate. However, the correction term is seen to reduce the
Hj, error even further across the eccentricity spectrum. The figure
also shows the relative positioning error when the correction terms
are applied. As expected, the relative positioning error profile
follows the H, error and it exceeds the 1-m mark only for the e = 0.9
case.

Figure 8 shows the variation of the error in the Ly term. The
relative angular momentum starts at about —9 x 107° for the 1072
level eccentricities, increasing to —3 x 107* for the e = 0.9 case.
Although the error in the uncorrected Ly (shown as Ly err in the
figure ) is already small compared with the real relative angular
momentum, the corrected Ly is seen to practically match it.

C. Long-Term Stability

For most formation flying scenarios, the satellites will remain
within a few kilometers of each other over long times. To evaluate the
approximations we have used for such close proximity scenarios, we
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Fig. 10 True separation and percentage error in relative positioning
(217 orbits).
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used the initial conditions in Table 2, but without any difference in
semimajor axis, to ensure that the satellites do not drift away. We
again considered a range of eccentricities and evaluated the relative
position after 50 days (650 orbits). The satellites stay within less than
3.5 km of each other. Figure 9 demonstrates the relative positioning
error variation with time. Although the errors grow with increasing
eccentricity, it takes 50 days for the largest error to exceed 1 m. For
eccentricities around 0.001, the error is around 10 cm. This
demonstrates the high accuracy of our approximation after correction
of the initial conditions is made.

Encouraged by the achievements of this approximation over
several days, we considered testing it over very long timescales when
the satellites had drifted apart substantially. Once again, we set up
initial conditions as in Table 1, with an eccentricity of 0.45 and an
eccentricity difference of 0.001. We increased the semimajor axis
difference to 1150 m, such that the separation between the satellites
reached thousands of kilometers in 50 days (217 orbits). Figure 10
shows the separation between the satellites, which exceeds 3500 km.
Even though the relative position error no longer grows linearly, it
only reaches 0.5% of the total separation, corresponding to about
20 km. The initial Hy error is only —2.1 x 107'3; however, the
distance between the geometric midpoint of the satellite positions
and the reference point reaches 140 km. Because we assume that the
reference satellite stays near the geometric midpoint to the first order,
the force acting on the satellites is evaluated at this location, then the
increasing separation between these two points is likely the main
source of error.

V. Conclusions

In this paper, we have presented an analytical solution for the
relative motion of two satellites moving along similar Keplerian
elliptic orbits, introducing a formal methodology based upon the
conservation of relative Hamiltonian and relative angular
momentum. The solutions to these dynamical equations are very
simple expressions and separate the secular drift between the
satellites from periodic oscillations in relative position around the
reference orbit. This Keplerian model forms the starting point of a
numerical relative orbit propagator that can accommodate a complex
geopotential model as well as other perturbations. This propagator
will be explained in detail in a future publication.

We have analyzed the choice of reference orbit about which our
linearization is made and shown that by appropriately choosing
second-order corrections in the initial conditions, the resulting
analytic equations remain accurate to very high precision over
periods of time lasting several months.

We have presented a detailed set of tests of the accuracy and
robustness of our model for various challenging scenarios, with a
wide range of eccentricities, proximities, and semimajor axes. We
demonstrate accuracies between meter and centimeter level after
several days, outperforming second-order models.
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